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Stability of Interfaces in a Random Environment.
A Rigorous Renormalization Group Analysis
of a Hierarchical Model
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We study a hierarchical model of domain walls in a D-dimensional bond disor-
dered Ising model at low temperatures. Using a renormalization group method
inspired by the work of Bricmont and Kupiainen for the random field Ising
model, we prove the existence of rigid interfaces at low enough temperatures in
dimensions D > 3.
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1. INTRODUCTION

The present paper is devoted to a study of the stability of interfaces in
random media. Such problems may arise in a multitude of contexts, a
prime example being the question of the existence of states describing the
existence of domain walls in a dilute Ising model. This model is defined by
the Hamiltonian

H,= -3 J;0,0; (1.1)
<>
where the sum is over all pairs of nearest neighbors of the lattice Z9, the
o, are spin variables on the sites of this lattice, taking values + 1, and the
couplings J, are random variables in some probability space, typically
chosen as independent and identically distributed. If the support of their
distribution is contained in the positive real line, the Hamiltonian describes
a ferromagnet for all possible realizations of the couplings. In this situation,
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it is easy to show that at sufficiently low temperatures there exist exactly
two translational-invariant Gibbs states, describing the system with
positive and negative magnetization, respectively, if the dimension of the
lattice is at least two.

In the ordered case, i.e., where all J g take a constant positive value J,
Dobrushin”’ has shown that in dimension D >3, and for small enough
temperatures, there exist also non-translational-invariant Gibbs states, in
which two regions of positive and negative magnetization are separated by
a domain wall. Such states can be obtained by applying + boundary condi-
tions on the upper half of a box 4 and — boundary conditions on the lower
half. In finite volume, this ensures that the resulting Gibbs state is charac-
terized by the presence of an interface separating -+ and — spins. The ques-
tion whether the infinite-volume Gibbs state obtained by letting the volume
of the box A tend to infinity is a pure state describing a domain wall is tied
to the question whether this interface will be “rigid” (i.e., stay localized
in a finite region near the equatorial plane) or will undergo unbounded
fluctuations as the volume of A increases. The latter has been shown to
be the case in d =2 by Gallavotti.®

The same question may of course be posed in the disordered case. The
main new difficulty that enters here is the fact that while previously the
“flat” surface was clearly the one minimizing the energy, this is generally no
longer the case. Namely, the energy cost for having two neighboring spins
of opposite value is now a space-dependent quantity, and the energy of an
interface no longer depends solely on its surface area, but also explicitly on
its position. Due to these added complexities, no rigorous results on the
existence or nonexistence of Dobrushin states in this system are available.

On the heuristic level, this problem has received a quite considerabie
amount of attention over the last years. In most of these studies, rather
than regarding the full model (1.1), a more simplified model for an inter-
face in the presence of bond randomness was introduced. It consists of con-
sidering a surface .S with fixed boundary 65 chosen to be the equator of a
D-dimensional box. The SOS (solid-on-solid) approximation consists in
discarding all surfaces with “overhangs,” the advantage of this approxima-
tion being that the remaining surfaces can be described as graphs of a func-
tion from the equatorial plane to the integers. In other words, an SOS sur-
face is fully described by giving its “height” above any given point of a
(d = D — 1)-dimensional lattice. The energy associated to such a surface is
given by the sum of all the J, such that the bond {ij) transpierces the
surface. A further 51mp11ﬁcat10n conventionally used is to set all J,
corresponding to the parts of the surface perpendicular to the equatonal
plane equal to a constant (e.g., 1), and to retain randomness only for those
parallel to this plane.
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This model has been studied extensively in dimension D=2, fre-
quently under the name of “directed polymers.” In this situation, numerous
authors (see, e.g., refs. 11, 12, 15-18) found that fluctuations scale like L*?
with the size of the system, as opposed to the L' behavior in the ordered
case. The problem of the interface stability in higher dimensions was
adressed by a number of authors.**'>!? It transpired that rigidity of the
interface should be expected in dimension D=4 and above, but there
have also been arguments in favor of a critical dimension D =5."'% The
reasoning presented in ref 4 invokes an Imry-Ma type argument'?) and
a mapping to the random-field Ising model, both of which will be discussed
in some detail below.

Some more recent results in this context concern fluctuations of
objects of arbitrary codimension (see, e.g., ref. 10). They concern predic-
tions on scaling exponents based on results obtained using the “functional
renormalization group” approach of Fisher.® In the case of directed
polymers, some interesting rigorous results were obtained by Imbrie and
Spencer.*® We will not go into the details of these developments.

Returning to the central problem of the present work, let us briefly
recall the arguments for stability in four dimensions presented in ref. 4. The
main observation was that an interface model of the type described above
can be represented as a contour model. Let I” be a collection of oriented
loops y; such that either

(i) int(y) nint(y,) = &

or
(ii) int(y;) cint(y,), or int(y;) =int(y;)

The orientation ¢, of a loop indicates whether it represents a step “up”

or “down.” The energy of the corresponding surface is then given in terms
of I' by

E(I)=}, Iyl + ) JHAD)) (1.2)
where H (1) is naturally the height of the surface at site x, ie.,

H(N= Y o, (1.3)

iixeint(y,)

In ref. 4 it was argued that the Hamiltonian (1.2) strongly resembles
an Ising model in a random magnetic field in dimension d= D — 1. For the
latter model has by now been proven rigorously""> that the lower critical
dimension, i.e., the dimension above which a phase transition takes place,
equals two, which then suggests that in the interface model the critical
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dimension should be three. The same result is obtained by a simple
Imry-Ma type argument**: Suppose we want to form a large contour 7.
Obviously, there is a price in energy to be paid for building the wall, which
equals |y|. This will suppress contours in dimension above two, unless we
gain some energy from the fact that the location of the ceiling has been
changed. The amount of energy that we may expect to gain is of the order
of the fluctuations of the random variable 3, ..., J.(H), which by the
central limit theorem will be of the order |int(y)|"% For a contour of
sufficiently regular shape and linear dimension L, this is of order L%
while the surface energy is of order L4~ '. Thus, for 4> 2, the bulk term is
negligible compared to the surface term, and thus no large contours will
form, while in d=2 the two terms are comparable, and large deviations
of the bulk energy will in fact delocalize the interface.

To make the argument above rigorous, it seems natural to adopt the
method used by Bricmont and Kupiainen®’ in the random field model to
the present situation. In the present paper we undertake the first step of
this endeavor by proving the rigidity of the interface in d> 2 dimensions
for a hierarchical version of the above model. While this is putting aside
the geometrical complexities associated with the renormalization of
contour models (cluster expansions, etc.), it will allow us to elucidate the
probabilistic aspects of the renormalization of the random variables J (H).
In fact, it is this probabilistic part in which the main differences between
the random field and the interface model arise: in the RFI model, we have
to deal with the renormalization of just one random variable, the magnetic
field, for each site x, while in the interface model, with each site there is
associated an infinite family of random variables J (H), which, even if
initially independent, will rapidly enter into interaction with each other.
The extension of these results to the full model described in (1.2), (1.3) is
under way.®

Let us describe the hierarchical model we will study. We consider a
d-dimensional square of side length L"; we divide it into L? biocks of side
length L"~', each of which is subdivided again into L blocks of side
length L¥~2, and so on, until we arive at blocks of side length one. We
refer to the blocks of side length L” as the nth hierarchy. The blocks of the
nth hierarchy will be labeled by the set

Y,={yly;=—-L" "+, L""7"-1} (1.4)

where y, denotes the ith component of the vector y. We denote by L ! the
map from Y, to Y,,, such that L~'y,=Int(y,/L), ie., the map that
associates with ye Y, its block in the next hierarchy. We also denote, for
yeY,,, by Ly the collection of sites x € Y, such that L™ 'x= y.
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Our surfaces will now be obtained by constructing towers above each
block of each hierarchy. We denote by 4}, for ye Y,, the height of the
tower above the block y in the nth hirarchy. Obviously the height of the
surface so obtained at site x, H”, is then given by the sum of the heights
of the towers that contain x, i.e.,

N
HY=Y h{,. (15)
n=0

We will, for technical reasons, restrict the heights to take values
between —/ and / and we will denote by A this set of allowed values. Our
final bounds will be uniform in / and thus allow us to take / to infinity at
the end.

The energy of a surface obtained in this manner will be given by

Eh)= 3 5 WO L e Y (Y (16)

n=0 ye¥Y, x€ Yy

The partition function Z,(f, J) is then given by

ZyB, )= ) g PEUAD (1.7)

(A} (1)

The corresponding finite-volume Gibbs measures will be denoted by uy 4 ;.
The mean height of the interface in the thermodynamic limit m(g, J) is
given by

m(B, )= lim iy 5 ,(HY) (18)

We will assume that the J, (H) are random variables such that:

(1) All J(H) are equally distributed.
(i) J.(H) and J.(H’) are independent, if x # x".
(i) P(J(H)|>8)<e % forall 6>e

Remark 7. Note that we do not assume that the J (H) are inde-
pendent for different values of H. As we will see, such an assumption would
be of no advantage for our proof, since in the renormalization process an
mnitial independence will be destroyed rather quickly. As an aside for
readers familiar with the functional renormalization group approach,® we
may note that the fixpoints found by this method also do not correspond
to independent random variables. From the point of view of applications,
it is also advantageous to be able to avoid such an assumption, which may
not correspond to the physical reality (one may think, for instance, of the
problem of fluctuations of Peierls contours in a spin glass®®’).

We may now announce the main result of this paper:
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Theorem 1.1. Let 4d>2, and assume that J (H) is given as
described above. Then there exist L,, B, and g, finite, such that for all
L> Ly, B= B, and e <,

P(|m(B, J)| > 5) <e o7 (1.9)
for all 6 > ¢, where & is of the order of &

Remark 2. We expect the theorem to hold with L, = 2; however, for
technical reasons we have to choose L somewhat large.

Remark 3. The theorem implies that the interface is stable in the
sense that we know, at a given site x, where to find it (namely at height
zero!). It does not imply, however, that in the thermodynamic limit the
height of the interface is everywhere bounded! On the contrary, we must
expect that on a typical configuration towers of arbitrary height will occur
“somewhere.” However, the average distances between towers of height 4
will be of the order ¢"/*¢~ V% furthermore, the highest towers will most
likely be very thin, i.e., belong to the zeroth hierarchy, and towers of the
nth hierarchy of height 4 will be separated by distances ¢"7/2<~ e where
¢, decreases exponentially with n.

Remark 4. In d=2 the interface is expected to become unstable,
since the variances of the random variables J"(H) do not converge to
zero. A detailed analysis of this situation will be presented elsewhere.(®

The remainder of this paper is organized as follows. In Section 2 we
derive the renormalization group equations for our model and the resulting
formulas for m(f, J). In Section 3 we control the flow of the renormaliza-
tion group in the limit § = oo and prove the corresponding special case of
Theorem 1.1. In Section 4 we complete the proof of the theorem for f finite.

2. THE RENORMALIZATION GROUP TRANSFORMATION

The structure of the hierarchical model invites and facilitates the
evaluation of the partition function (2.7) by a successive summation over
the different hierarchies of towers. That is,

ZupD)= 3 T ew{—p ¥ T INLe )

My n=1 yn

x Y exp{~ﬁ[§ 011 |}

(#0

= Z ey exp{—ﬁ % Z|h§:)} L(d—l)n}

(B alhy n=1 y

XH( > ep{-p| ¥ O+ 14,400 )2

h_(,(o):xe Ly xely
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where #,=YY_| h?". Thus,

n=1

Zyp =3 - Zexp{—ﬂL“’“[NZI O L= S i_v(H;Vl)]}

A0 7=0

~

(BT (22)
where

J (H)= BL" -y ln[Zexp{ ~BLlAa ) +J (H+h,) ]}] (2.3)

xelLy Ay

and
BV =pre-1 (24)

The following lemma assures that our procedure will make sense:

Lemma 2.1. Suppose the J (4) are identically distributed random
variables, independent for different values of x (but not necessarily for
different values of #!!) that satisfy

(a) E(J.(h))=0
(b) P(|J.(h)]>8)<e 7 for all § large enough
Then the sum

o0

Z e BLlal+ Je(H + )]

h= —oo

converges almost surely, and the .7y(H) are well-defined, almost surely
bounded, random variables with identical distributions, independent for
different y.

Proof. Let us show first that the sums converge. Obviously, they may
diverge only if, for infinitely many values of 4,

GBI + T (H+ )] 5, o= |hI/2

On the other hand, we have by assumption that
Y O PU(H+h) < —h2)< T e W< (2.5)

= —o0 h= —w

and therefore, by the Borel-Cantelli lemma,

P((J(H+h)< —|hl2i0)=0 as. (2.6)
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Moreover, the sum is almost surely strictly positive, its logarithm thus
defined, and .7y(H ), being a finite sum of such terms, is thus a well-defined
random variable. The fact that its distribution is independent of H follows
immediately from the inductive assumption. |

The fact that the J are identically distributed will allow us to remove
their common mean and thus obtain new variables

JV(H)=T,(H)— EJ4(0) (2.7)

which have all the properties of the original J,(4), except of course that we
have not yet proven the exponential bounds (b) for its distribution, the
derivation of which will constitute our main task. In terms of these new
variables, the recursion (2.2) takes now the form

Zy(B, J)=exp{ LN VEJ(0)} Zy (B, JT) (28)

This process can now be iterated to yield the following general set of
recursive equations:

Zo(B, J)=cxp [ S LAN-REG- “(0)] Zne (B, J) (29)
k=1
B = L@~ Vg (2.10)
SO =z %, n| X exp{ =gV I (H 4} |
xelLy hy
-HE(/}—}H—) Y In LZ exp{—ﬁ‘”1’[|hx|+J§"1)(H+hx)}}J>
xely x

(2.11)

We may use these recursion relations to obtain a formula for the mean
height. We have

.“N,/i,J(|H6V|)
1
<—
ZN(B’ J) {}%)} {;,Z;():)}

N N
xexp{—ﬁ S5 A L‘d‘”"+Jx(HiV)} S b
n=0

n=0 yp
RLINSSL )
n=0 Zan(ﬁ(n)’ J”) {hiN)} {hf‘fl)}
N
xexp{_w N L y JX(H;“)} e
k=n yg xe Yy

(2.12)



Stability of Interfaces in a Random Environment 185

Here we have performed the sum over the first n — 1 hierarchies in the term
involving 4{". Performing now the summation over the nth hierarchy, we
note that only the sum over A" differs from the previous construction. One
thus verifies easily that

1 N
z Z exp{ﬁﬂ(n) Z Z |h;1;)|L(d—IJ(k7n)

(n "
Zan(ﬁ )aJ ) {hva)} {hin)} k=n y

+ ) JX(HiV")} 1hg|
xeYy
- : D)
Zanfl(ﬁ(n-'—l)’ J"+1) {hva]}

(nrhy

ChE, (HY=")

N
Xexp{vﬂm*” Z Z |/’l§}/;)| L(dfl)(kfnfl)+ Z JX(HQIHI)}

k=n+1 y; x€ Ypy1

(2.13)
where

X (exp{ — ™[I + /5 (Hg """+ h)]}) |hi
Ypexp{—BLIAl+ TG (HS " + b))

ChEP Y, (Hy " Y= (2.14)

Notice that while (A", depends on HY "' its distribution is inde-
pendent of it and depends only on the distribution of the J(H).

Continuing to sum over the hierarchies as before, we obtain finally
that

N
pnps(HY) < Y, <h§ D n (2.15)
n=0

where for m>n, (h{">,, is defined recursively as

CHEDY o (Y1)

w(exp{ —BLIAl +J(HY L+ )RS > e (HY ™1+ )
Xy exp{ =LAl +J§V(H ="~ + k)1

(2.16)

This sets up our formalism. The proof of Theorem 1.1 will now consist
of two steps: First we set up control of the random variables J"(H). We
will show that, for d>2, the J{"(H) satisfy bounds of the form

PUJUH)| > 8) < e
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where the ¢, converge to zero exponentially fast. This resuit will then be
used together with formulas (2.14)—(2.16) to prove the theorem.

In the next section we will do this first in the limit § — co, where the
sums over A will be seen to be governed by just one term. The general case
will be treated in Section 4.

3. THECASEB=w

For f large, the sums over / appearing in the recursive definitions of
the variables J;"’(H } are clearly dominated by the terms for which
—[|h| +J.(H+ k)] takes on its maximal value, and in the limit § = oo this
becomes an exact relation, as the following lemma shows.

Lemma 3.1. Under the assumptions of Lemma 2.1,

—1
Jim o X ln[z exp{—ﬁ[ahxi+J.‘(H+hx)]}J
:—dl:T Y, inf[lh ] +J (H+h)] as. (3.1)
L xely A

The proof of this lemma is left as an exercise.
Lemma 3.1 invites us to study the following simplified system of
recursions:

Y {inf (Al + 77 H+h)]

T Ta-1
L xely

—[Eir}llf[lhl-%JL"“”(H-&h)]} (3.2)

Remark. We present the analysis of this particular limit for two
reasons: First, the estimates are considerably easier and more transparent.
Second, we want to emphasize the point that all relevant contributions that
might destabilize the interface are already present here, and that finite-
temperature effects only produce negligible corrections.

Proposition 3.1. Let J _(H) satisfy the assumptions introduced in
Section 1. Then, if L is sufficiently large and ¢ small enough, the random
variables J"(H) defined through (3.2) are identically distributed random
variables, independent for different x, EJ(H)=0, and

PI(H)>8) < e

. 33
P(J"(H) < —8) < e %7 33
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for all 6 >¢,, and

g2 =c"¢? (3.4)

with ¢ <1 a constant depending on L and d.

Proof. The proof of the proposition proceeds by induction over n.
We will thus assume (3.3) to hold for » — 1 and use this to prove them for
JU(H). To do so, we study first the variables

I,V(H)zirhlf[|h|+J§”*1’(H+h)] (3.5)

Clearly, the I (H) are all identically distributed and independent for
different x. Moreover, it 1s obvious that for 6 >0,

P(I(H)>3) <P~ V(H)>9) (3.6)

simply since the inf is certainly not bigger than the particular term with
h=0.

The more difficult part is thus to estimate P(/.(H)< —46). However,
since, by assumption, J"~"(H) has a very small probability to take on a
large negative value, we may expect that the inf will typically occur for
h=0, which would give a bound like (3.6), while all other possibilities
together just give a contribution of similar size. To make this idea precise,
we write

P(I.(H) < —3)

- 3

np= —co
x P(inf [|h| +7¢V(H+h)] < =3V, J ¢~ (H + hye [~ 1,m)])
X PV, J" D(H+h)e[n,—1,n,]) (3.7)

Working with the cenditional probabilities gives us a better control over
the infimum; in particular, we may arrange the summation over the 7, in
such a way as to make explicit the minimal value that |A] + n, takes on:

P(1.(H) < =)

_ s

m= —o0 ny ||+ —m

X P(iilf [lAl+JC"H+h)]< =8|V, T YH+h)e[n,—1,n,])

X PV, JUD(H+h) e [n,—1,n,]) (3.8)
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It is understood that in the sum over the #,, equality has to hold at least
for one h. Note further that, given the conditions, the inf is necessarily
taken among exactly those 4 for which |A| +n,= —m. It is thus useful to
make the set X of those # for which this equality holds explicit. This yields

P(I.(H) < —9)

o0
m=—w X nplhl+np= —m, heX
\hl +np> —m, h¢ X

xP(inf [h] +J0 Y(H+h)] < =6|V,J ¢~ (H+h)e[n,~1,n,])

x PV, V(H +h)e[n,—1,n,]) (3.9)

Notice that by now the event under consideration depends only on the
variables /"~ (H + h) with he X; we may thus sum over all the other #,,
and, neglecting the restrictions on their range, get the upper bound

P(I.(H)< —5)
< mimg

X P(inf [|h+ 7 V(H+ )] < =0|Y,x /U V(H+h)
el—-m—I|hl—1, —m~|h|])

XP(V ey JO VN H+R)e[—m—|h| —1, —m—|h|]) (3.10)

In the summation over all subsets X we can fix the maximal value of |4].
Then,

P, (H)< —d)

w ©
< Y ¥ )
m=—ow R=0 X:maxsey|h|l=R

xP(inf [Jh| +JC" Y H+h)]< =8|V, x JCV(H+h)

e[—m—|hl =1, —m—|h]])
XP(Vpex JUTH+h)e[—m—|h|—1, —m~|h|])
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= i P DH)< =8|V, y JOV(H)E[—m—1, —m])

m= —o0

xPJC " V(H)e[-m—1, —m])

oC
+ X X z
m= —oo R=1 X.maxpey b=

x P(inf [|A| +JC " D(H+h)]< =8|V,ex JU V(H+h)
he X
e[-m—1|hl—1, —m—1|hl])

XP(V,ex JO" V(H+h)e[—m—|hl—1, —m—|h|]) (3.11)

The first term is simply P(J"~P(H) < —§); to estimate the second,
notice that

P(inf [|h| + T H+h)]< =8|Vyex JOV(H+h)

heX

e[—-m—|hl—1, —m—1h]])

0 if m+1<é
_{<1 if m+1=6 (3.12)
and that
P(Vhex JU (H+R)e[—m—|h| =1, —m— |h|])
P(J"~"H+R)e[—m—R—1, —m—R])
(m+ R)?
< exp[— ————28’2171 (3.13)

Together with the obvious fact that the sum over the subsets of heights
such that the modulus of the maximal height equals R extends over no
more than 4% terms, this allows us to get the final bound

P(IX(H)<—5)<CXp< 25 1>+ Z Z 4R6Xp[ M]

mzé6—1 R=1 2,

52 52
<C’exp<—2sT><exp<——F> (3.14)
—1 n—1

n

where C’ is a constant that can be choosen, e.g., to equal 6, provided ¢, _,
is sufficiently large, and § = ¢, and

2
gi_lzgﬁ_l[uo( Hﬂ
c
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Notice that the bounds thus obtained for 7 (H) imply that its mean is
exponentially small, and therefore virtually the same bounds hold for

Thus, we are almost done: the JY”(H) are sums of the (independent!)
random variables with mean zero satisfying the exponential bounds (3.14),
and what is left is to extract the corresponding bounds for the sums. To do
so, the following lemma is useful:

Lemma 3.2. Let X be a random variable such that

(i) EX=90

(i) P(X>0)<e °* and P(X < —8)<e o7

Then, the Laplace transform Ee’”, satisfies, for >0, the bound

Ee'¥ < e (3.15)

where ¢ is a universal numerical constant (independent of ¢ and &) order
unity.

Proof. To prove the lemma, we use the fact that

X2
1+x+7 if x<0

e’ < 5 {(3.16)
X .
1+x+—2~ex if x=0
Let first : <& Then, by (3.16),
Fe=1+ %[E(thZXXgo) + %[E(ﬁXze[XXX;o)

<expl3t (B2 X gy <o+ E2X %™ ) x20)] (3.17)

We just need to estimate the two expectations in the exponential. Note that

EX°xx<o= Y EX* —en+1)<X< —en)P(—e(n+1)<X< —en)

n=0

<e? Y (n+1)2e "P=C ¢ (3.18)
n=0
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and similarly

EX?e™yxs0= Y E(X?e¥|en<X<e(n+1))Plen<X<e(n+1))

n=0

<2 Y (n41)2ert Do g2 (3.19)

n=0

where the last mequality made use of the assumption re < 1.
For larger 7, we must proceed in a slightly different way:

Ee¥= Y Ee¥|le(n—1)<X<en)P(e(n—1)< X <en)

=) EEe¥|—en+1)<X< —en)P(—e(n+ 1)< X< —en)
+ Y Ee¥len<X<e(n+1)Plen< X <e(n+ 1))
n=0

<

n

(efntsfnz/Z+e(n+1)18*n2/2) (320)
0

I8

Taking into account the fact that now re> 1, the latter sum is easily
bounded by

Fe'¥ et (3.21)

Combining these results and selecting the worst constant as ¢, we arrive at
(3.15) and have proven the lemma. |

With the above bound on the Laplace transform of 7, we now get
immediately a bound on the Laplace transform of J(H):

Eexp[tJ " (H)] = E (exp [Ef-_—l 5y UH)])

xely
o~
=J] E (exp [F Ix(H):D
xely
< Scrzsz_le_dE esi’z/z (322)

with e7=¢2  cL*~“ Clearly, from (3.22) the exponential bounds (3.4)
follow with n—1 replaced by n. Notice that &, is smaller than En1»
provided only d>2 and L is chosen big enough such that ¢cL2~“< 1. This
proves the proposition.

822/62/1-2-13
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We are now ready to prove Theorem 2.1 for the particular case = .
To do this, we need to control P({h{’>y). Notice that, by the same
reasoning used in the estimations for J(H), we have

P(<hg? >, (H)>0)

<Y Y >
m=0 X np:|hl+np=—m
e (exp{= BOLIA +IOH+R)TCAY S, (H+h)
* ””(,}L“; Srexexpl—FOLIA + JO(H+R)]1] >0

1 . 1
Viex—m—3 < [hl + IO +h)< —m+§>

1 . 1
xP(VhGX—m—E <|hl +JY(H+h) < —m-l—i)

P Y Y Y

m=—o X ny:|hl+np=—m
e xlexp{=BOLIA + IV H+m)]}) R >, (H+h)
P <ﬁ1‘1‘lo e xexpl—BOLIA + T (H+ )1} >

1 . | t
VheX—m—§< V| + QP (HA+ h) < —m+5;J§;’(H)> —m~§>

1 ) 1 1
xP (Vhex—m—§< |+ J(H + h) < —m+5;J§)”(H)> —m——2—>

< P(CAE > (H)>6)

(R+m—1)2)
2e? :|

i

+ Y ) 4°P(max <hg")>,-,1(H+h)>5)exp|:——
Ihl < R

m=0 R=1

+ f §4RP( max  <(h$UY. (H+h)>6)

e RD WAl +m] < R

2 2
X max <exp <— %), exp |:— (m—_gslz-/ﬁ}) (3.23)

1 H

Notice that in the sum over the negative m we have retained the
condition that the minimum was not attained for A=0. Bounding the
probability of the maximum by the sum over the probabilities, we arrive
at the bound

P(CASYY, (H)>8) SP(CASY Y,y (H) > 8)(1+ce "5)  (3.24)



Stability of Interfaces in a Random Environment 193

Iterating this bound yields clearly
P(CAEY > 8) S P(CHE Y, (0)> 8)(1+ cle %) (3.25)

so that we are left with bounding P({A{">, (0) > ). This is done exactly
as above, and yields

P(<REY, (0)> 8) < ce o7 (3.26)

which can be summed over » to yield the bound claimed in Theorem 1.1.

4. THE CASE B FINITE

In this section we complete the proof of our main theorem by
establishing control on the renormalization group flow for B large, but
finite. In view of our discussion in the foregoing section, all we need is the
following lemma.

Lemma 4.1. Let J(h) be a family of identically distributed random
variables, satisfying the bounds

2

P(J(h)>8)<e ** (4.1)
P(J(h)< —8)<e o7 (4.2)
for 6 >e.
Let
I(H)Ellog Y e AU+ I+ ) (4.3)
B s
Then there exist ¢,>0 and f, < co such that for all ¢ <y and > f,,
PUI(H)> )< e 7 (4.4)
PU(H)< —5)<e o (4.5)

where ¢ is a numerical constant (of order unity), independent of ¢ and 8.

Proof. Using that

llog Y e BUM+IHEm) 5 g py)
ﬁ hea

we get immediatly

P (% log Y e AU+ +m] o —5> SP(—J(H)< —8)<e % (46)

hed
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which proves (4.5). The more difficult part is to prove (4.4). Although the
basic idea is the same as the one used in the last section, there appear some
more technicalities and we will provide some notation to deal with this.
First, we introduce the following partition of the probability space of the
J{h): For a given positive integer /, we divide the interval A into / disjoint
subsets X, X,,.., X;. Assign a strictly decreasing sequence of integers
m, >m,> --- >my, and denote by A(X,) the event

{vheX,_mi_ 1 <J(H+h)—+— |h| < __.n‘ll}

Note that A(X,) depends also on m;. Let, furthermore, X denote the
collection X = (X4,.., X;) and put

The events A(X) provide us with the following partition of unity:

1= Z Z Z* ﬂ{A()?)} {4.7)

I=1 m>my> - >m Xi..,X;

where the star in Y%, recalls that the sum is over subsets X, subject to
the restrictions that X,n X;=f and {J|_, X,= 4.
Let us further introduce

Z(X,-)z Z e AL+ J(H + )] (4.8)
he X,
and set
1
¢(X,-)=Elog Z(X) (4.9)

For any given partition we may thus write

I(H)=%log Z[: Z(X;)

i=1L

1 L Z(X))
=¢(X,)+—log( Z —————> (4.10)
B = Z(X))
Using (4.7), we may now write
PU(H) > 6)= ¥ > Y* PU(H)> S| AX) P(AX)  (4.11)

I=1 my>nmy> - >m; Xi,.,X}
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Notice that conditioned by A(X) we may expect /(H) in (4.11) to be
dominated by ¢(X,). In fact, on 4(X) we have the following bounds:

+élog|xl|<¢(xl)<1+m1+%log|xll (4.12)
and

1 ! Z(X,-)) 1 ¢ _

“log{14+ Y 22NNy zxyems 4.13

ﬁ°g< * L Zix,))Sp L, A (4.13)

It will turn out to be necessary to treat separately the parts of the sum
{(4.11) in which m; >0 and m, <0, respectively. Put

0

st=Y 3y Y* PI(H)> 8| A(X)) P(A(X)  (4.14)

I=1m>nm) -->my Xi,..X]

and
o

ST=Y ) Y PUIH)> 8| AX) P(AX))  (4.15)

I=1 m>m> - >m Xi,... X1

The + superscripts on the sum over the m, recall that it extends over
positive or negative m,, respectively.

We will consider first S, which naturally is expected to give the main
contribution. Let us write, for some 0<a <1 to be chosen later {e.g.,
a=1/2 will turn out to be a possible, but maybe not optimal, choice),

5= i o'~ (1 —a)

and notice that, since 3°!_, da’ (1 —a) <,
P(I(H)> 5| A(X))

1 7

(¢(X1 % 5

P(g(X,)>o(1 —06)|A( ))

LOMZ(X)
Zp(ﬂzm) > Sa' = (1 — )

ZX)

Z Sa' =1 (1—2)

A()?))

A(X’)) (4.16)

We consider the first term in (4.16) separately:

oG

Sr=Yy > S P(B(X,)> 5(1 —a)| A(X)) P(A(X))

I=1m>my> - >my X[,..X;

S X X PeX)>0(1—a)| A(X,)) P(A(X,)) (4.17)

m =0 X1<4a
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where we have summed over those conditions upon which the event under
consideration does not depend. The estimation of (4.16) is now very similar
to that of Eq. (3.10) of the last section. We have

Sr=3y ¥ ) P(#(X 1) > 0(1 —a)| A(X,)) P(A(X)))

mz0 R=0 X;:max;,gxlfh!=R

<P(—J(H)> (1l —a))

+ ) X > P(#(X,)>5(1 — o) | A(X,)) P(A(X,))

mz0 R=1 X|:maxhexl 1H| =R

(4.18)
Using (4.12), we have

P(g(X,)>6(1 —a)[A(X,))=0 if (1+m1)+%10g|X1\<5(1—0€)
Therefore, as in (3.14),

S <SP(=J(H)> (1 —a))

[} R 2
+ Z Z ,4Rexp[— (Wl12+2 ) :!
Re1 my>6(1—a2)—1—(1/8) log(2R+ 1) €
51 —a)? 81 —a)—log 3/877
<exp|:_ _(Foi]+6'exp{— Lo a)zgzog /6] } (4.19)

We consider now the second term on the right-hand side of (4.16),

si=y YT ¥y

I=1m>m> - >ny X1,.,Xj1=2
LZ(X) ., N N
P (Emwa (1—«) A(X)) P(A(X))
S ;2 Ig' ZJr Z*
1Z(X) ., N .
XP(B_Z(_)(S>5“ (1—x) A(X)) P(A4(X))

<yYy ¥ %

iI=2 mz0msm—Ii+l XinX,=g

LZ(X) iy
XP(EZ_(X—I)>&Z (1——(1)

xP{A(X ) A(X})) (4.20)

AX)) nA(X»)
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Using (4.14), we have on A(X )N A(X))

1 Z(X)

- _1_ Bl 4+ 1 —nm11)
ﬂZ(X1)<B|Xi|e { (4.21)
Therefore
1 Z(X) i _
P(—B-Z(Xl)>5<x (1—a) A(Xl)mA(X,-)>—O

if (1/B)1X,| eftm+t—m) < 5a'~ (1 —a). Using this, we obtain finally

;<Y ¥ ¥ 3 P(A(X))

=2 m20 msmp—i+1 | X} > B0~ 11— a)exp[ Blrm —m, —1)]

<Yy % »

=2 m =0 msmp—i+t R> (B2 82~ Wi —a)yexp[ f{my —m,— 1)]

x 4R exp[ — (m, + R)?*/2¢*]

Sci Z Z 9811 — ) exp[ Blom — i — 1)]

=2 mz20 m<m—i+1
2) do’ (1 — —m,—1)]}?
conp - Lt (B0 xp L = 1)
2
<’ i 23506'*1(1*0()5)‘1)[5(11*1)]

conn - (dm s (B0 —a)exp[ﬁ(A—l)JV}
&

[(B/2) 6" (1 — o) — 1]2}

(4.22)

<C” exp{— 523

We now turn to the remaining term, S~ [see (4.15)]. Using (4.10) and
(4.13), we get

ss<y ¥ X
I=1 my>nmy> - >my X1, X]
1 & Z(X) 1
P(— —>d—-log|X,| —-m
ﬁigz Z(Xl) ﬁ ! !

We decompose the sum 3% into 2 Ff and 3 ¥, where X} is over
X,,.., X, with the condition that | X,| <ef®~ ™2 and ¥ is over X,,.., X,

A(X’)) P(4(X)) (4.23)
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with [X;| >e”°~ "2 We call the corresponding terms in (4.23) S; and
S5, respectively.
Clearly,

Sy < X Y PAX)
m) <0 |X1\>e/f(5*ml)/'2

) Y A4Rem(Remns (4.24)

my <0 R eflo—mi2;n

Now R > e#=m2/2 implies R+ m, >0 (for § large enough) and so we get

_ B(6—my)2
S,y Yy 2 exp{——

my <0
(eﬂ(5+l)/2_ 1)2]

262

(m1 + P~ M1)/2/2)2
2¢?

< Cexp [— (4.25)

Finally, the term S| is estimated along the same lines as S5, the only
difference being that 6 is replaced by (6 —m,)/2, and m, is of course
summed only over negative values. Looking at (4.22), we see that therefore
we get

S;SC i z z 4(5/4)(5—m1)a"1(1—-a)exp[[;(A,U}
i=2 m<0 4211
X exp {* {—4+m+ (B/A)S—m,) 2~ (1 —a) exp[ (4 — 1)3}2}
2¢?

(4.26)

The presence of the —fm, term in the exponent allows us to perform the
sum over the negative m,; without a problem. We get

Sf<C’exp{— [_2+(ﬁ/4)(5;821)“'_ (1—o)] } @27)
Collecting the terms from (4.19), (4.22), (4.25), and (4.27), we have
P(I(H)> ) < Cexp [— (ol = “)z;log 3/13)2]
< 9 ias
\GXP<_282L,) ( . )

if 0 > ¢, for some constant ¢. This proves Lemma 4.1. |
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At this point we may use Lemma 3.2 from the last section to obtain
immediately the analogue of Proposition 3.1 for the case § finite. Now the
proof of Theorem 1.1 proceeds in exactly the same fashion as in the case
B = o0, using the partition of unity (4.7) and making similar computations
as in formulas (4.14)-(4.28). |}
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